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1 Introduction

The voter model is a paradigmatic agent-based model that represents opinion dynamics
in social networks. The dynamics of the model consists of repeatedly choosing one
agent uniformly at random. The selected agent then copies the current opinion of a
randomly selected neighbour. As long as the network is connected and finite, this update
rule guarantees that the agents must eventually reach a consensus after a finite time T .
The mean consensus time hT i depends on the initial distribution of opinions and the
network structure.

While early studies of the voter model focused on complete graphs or regular lat-
tices, interest has recently shifted towards networks with more complex topologies, for
example networks with a community structure [1], [2], [3]. Here we analyze the voter
model on the simplest possible multi-community network: two cliques (i.e. fully con-
nected subgraphs) connected by a small number X of intercommunity edges (Figure 1).
Previous work on networks with two equally large cliques has shown that the mean
consensus time hT i is proportional to the number N of vertices in the network unless
the connections between the cliques are extremely sparse [2]. Because hT i µ N is the
same scaling relation as in the case of a single-clique network [4], it has been argued
that community structure is of limited importance for the voter model. Here we show
that, on the contrary, the two-clique topology gives rise to many intriguing features.

2 Results

Let us denote by a the relative fraction of vertices in clique 1. For example, in the
network depicted in Figure 1, a is equal to 7

12 . For all values of a , sparsely connected
cliques need a long time to reach a consensus, as one might intuitively expect. Coun-
terintuitively, however, additional links between the cliques do not necessarily speed up
the consensus (except in the special case a = 1

2 ). Instead, numerical simulations (Fig-
ure 2) show that there is an optimal intermediate connectivity that minimizes hT i. The
simulations suggest that the optimal number of interclique edges scales as Xmin µ N3/2,
which puts the optimum between the case of a constant number of interclique edges per
agent (Xmin µ N) and a complete graph (Xmin µ N2). Hence, to accelerate a consensus
between cliques, agents should reach out to members in the other clique, but not to the
extent that cliques lose their identity as distinct communities.
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We confirm the numerical results with an equation-based analysis. For the sake of
simplicity, we show the equations only for the case of a polarized initial condition (i.e.
both cliques are internally unanimous, but there is disagreement between the cliques).
Similar results can be derived for other initial conditions. We make two heterogeneous
mean-field approximations for the consensus time hT i:

– a Taylor expansion for small X ,

hT i ⇡ tsparse =
a2(1�a)2N
Xd(a,N,X)

⇥
2(2a2 �2a +1)X3 +2(a2 �a +1)NX2 (1)

+a(1�a)(2a2 �2a +3)N2X +a2(1�a)2N3⇤

with the auxiliary function

d(a,N,X) =(3a2 �3a +1)(2a2 �2a +1)X2 (2)

+a(1�a)(4a4 �8a3 +11a2 �7a +2)NX

+a2(1�a)2(2a2 �2a +1)N2,

– an adiabatic approximation for large X ,

hT i ⇡ tdense = (3)

� a(1�a)N[(2a2 �2a +1)N2 +2X ]2

a(1�a)N2[(3a2 �3a +1)N2 +2X ]+X2 [m lnm+(1�m) ln(1�m)],

where

m =
(a2N2 �aN +X)

(2a2 �2a +1)N2 �N +2X
. (4)

Clique 1 Clique 2
A

B
C

Fig. 1. Small illustrative example of a two-clique network. Each vertex represents an agent that
has exactly one of two possible opinions: “red” or “blue”. In this example, clique 1 is a complete
graph with 7 vertices, whereas clique 2 has only 5 vertices. The cliques are connected by two
intercommunity edges (thick lines). In our analysis, we vary the relative sizes of the two commu-
nities and the number of intercommunity edges. We apply the update rules of the voter model.
That is, we first choose a random focal vertex, for example A in the depicted network. Then we
choose a random neighbour of the focal vertex and copy the neighbour’s opinion. In our example,
if the chosen neighbour is B, A changes its opinion to blue. However, if the chosen neighbour is
C, A keeps its current (i.e. red) opinion.
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Fig. 2. Mean consensus time hT i as a function of the number of interclique edges X . Point sym-
bols represent simulation results. In all simulations, the initial opinions are completely polarized:
both cliques are internally unanimous, but there is disagreement between the cliques. The curves
are equation-based predictions. In (a), we fix the number of vertices to be N = 1000 and vary the
fraction a of vertices in the first clique. If a 6= 1

2 , the minimum of hT i is attained at an intermedi-
ate value of X , where the cliques are neither sparsely nor fully connected. In (b), we fix a = 0.9
and vary N. The value Xmin that minimizes hT i is proportional to N3/2.

By interpolating between the two asymptotic approximations, we obtain an equation
for hT i that is in excellent agreement with the simulations for all values of X ,

hT i= tdense(X)+ tsparse(X)� lim
X 0!•

tsparse(X 0). (5)

This interpolation is shown by the curves in Figure 2. From equations (1)–(5) it can be
shown that Xmin µ N3/2 [5], consistent with the numerical results.

Summary. We show that, counterintuitively, the mean consensus time hT i is typically
not a monotonically decreasing function of interclique connectivity. To minimize hT i,
the optimum number of interclique edges Xmin should scale as Xmin µ N3/2, where N
is the number of vertices. Consequently, to reach a consensus quickly, the agents must
strike a balance between a sparse and a dense interclique connectivity.
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lifetime distributions and topological traps in ordering dynamics. EPL 79(6), 66006 (2007)
2. Masuda, N.: Voter model on the two-clique graph. Phys. Rev. E 90(1), 012802 (2014)
3. Bhat, D., Redner, S.: Opinion Formation under Antagonistic Influences. arXiv:1907.13103

(2019)
4. Sood, V., Antal, T., Redner, S.: Voter models on heterogeneous networks. Phys. Rev. E 77(4),

041121 (2008)
5. Gastner, M.T., Ishida, K.: Voter model on networks partitioned into two cliques of arbitrary

sizes. arXiv:1908.00849 (2019)

48

COMPLEX
NETWORKS

2019

The 8th International Conference on Complex Networks and
Their Applications. 10 - 12 Dec., 2019, Lisbon, Portugal


	Tutorials
	Mapping networks in latent geometry: models and applications
	Wikimedia Public (Research) Resources

	Invited Speakers
	Reflections of social networks
	Network-based dynamic modeling of biological systems: toward understanding and control
	On a Positional Approach to Network Science
	Temporal networks: past, present, future
	How to eliminate systemic risk from financial multi-layer networks
	Machine learning for Graphs based on Kernels

	I Biological Networks
	Network models of fracture in materials with hierarchical microstructure
	Persistence of hierarchical network organization in biological systems
	Reachability Analysis in Discrete State Reaction Networks with Conservation Laws
	Relation between connectivity and coupling in the Chilean subduction zone: a first approach
	Algorithmically identifying dynamical subsystems of genetic-metabolic networks in bacteria
	Gene coexpression networks for the study of Rhizobium leguminosarum
	Curvature-based analysis of Directed Hypernetworks
	Interacting gene networks poised at the edge of chaos?
	Understanding the Primary-Specialty Referral Mechanism using Network Science
	Alternative mRNA Splicing-based Drug Response Networks Yield Interactive and Mechanistic Insights

	II Community Structure
	Mean consensus time of the voter model on networks partitioned into two cliques of arbitrary sizes
	Clustering via Hypergraph Modularity
	Community Detection with Eigenvector and Katz Centrality
	Autoinformation in non–Markovian diffusion systems.
	Nested partitions from hierarchical clustering statistical validation
	Embeddings-enhanced Language Communities Separation
	Motif-Based Spectral Clustering of Weighted Directed Networks
	Finding meaningful communities in complex networks
	Handling Noisy Constraints in Semi-supervised Overlapping Community Finding
	Community Detection in Interval-Weighted Networks
	Latent geometry inspired graph dissimilarities can boost community detection in complex networks
	Evaluation of pervasive community detection
	Not all Bridges Connect: Integration in Multi-Community Networks
	SOCS: A Fast Method for Overlapping Community Detection in Large Networks
	Evaluating Nodes of Latent Mediators in Heterogeneous Communities

	III Diffusion and Epidemics
	An extended SEIR model considering homepage effect for the information propagation of online social networks
	The Probabilistic Backbone of Complex Correlation Networks
	Open Problems for Epistemic Gossip Protocols
	Modelling a Rehab-Recovery-Relapse Cycle
	Human prophylaxis driven by risk can cause oscillations in SIS like diseases
	Degree dependent transmission rates in an epidemic model
	The effects of message sorting in the diffusion of low and high quality information in online social media
	Google matrix of Bitcoin network: structure and contagion
	Effect of interaction bias on spreading dynamics in social networks
	A dynamic contagion risk model with recovery features

	IV Dynamics on/of Networks
	Efficient limited time reachability estimation in temporal networks
	On consensus over heterogeneous temporal networks
	Restructuring mechanisms of the hierarchical networks between PubMed MeSH terms
	Community detection in non-stationary temporal networks
	Constant State of Change: Engagement Inequality in Temporal Dynamic Networks
	Uncertainty in the critical threshold for dynamics on networks
	Effective Dynamics on Complex Networks
	A minimal co-evolving voter model on simplicial complexes
	An ego-centric view of ego-network evolution
	Modularity-based selection of optimal slicing in temporal network clustering
	Indetermination of networks structure from the dynamics perspective

	V Human Behaviour
	Co-evolutionary Opinion Dynamics on Adaptive Social Networks: the Role of Social Balance
	Similarity forces and recurrent components in face-to-face interaction networks
	Detecting eigenmoods in individual human emotions
	The Language of Peace is Complex
	Comparing gender mixing preferences across networks
	Dimensions of Social Exchange
	The closed loop between opinion formation and personalised recommendations
	Network based Modelling and Analysis of Film Performance in the Indian Film Industry
	Selective Exposure shapes the Facebook News Diet
	Competing local and global interactions in social dynamics: how important is the friendship network?
	Mixing dynamics and group imbalance lead to degree inequality in face-to-face interactions
	Coffee Discussion on Twitter: A Sentiment Analysis Taking Network Topology Into Account
	Homogeneous Symmetrical Threshold Model with Nonconformity
	Semantic Networks and Belief Change

	VI Link Analysis and Ranking
	Axiomatization of the PageRank Centrality
	Link Prediction in Signed Social Networks: from Status Theory to Motif Families
	A novel measure of edge and vertex centrality for assessing robustness in complex networks

	VII Machine Learning and Networks
	A Framework for Comparing Graph Embeddings
	Network Embedding For Link Prediction: The Pitfall and Improvement
	Optimising the angular coordinates in the hyperbolic embedding of complex networks
	Automatic Discovery of Families of Network Generative Processes

	VIII Mobility
	Scaling behaviours of mobility patterns for e-commerce users
	Social influence with recurrent mobility and multiple options. Preliminary results on Swedish data
	Network analysis of internal migration in Austria
	Analyzing patterns of mobility and internal migration among researchers in Mexico using longitudinal bibliometric data

	IX Multilayer Networks
	Corpus linguistics and language networks: A new perspective from the concepts of line graph and multilayer network
	Analysis of Temporal Change of Japanese Interfirm Transaction Relations as a Multilayer Network
	Parametric control of PageRank centrality by using personalization vectors: Classic and Biplex models
	A framework for the construction of generative models for mesoscale structure in multilayer networks
	Autoencoders and Graph Convolutional Networks for Multilayer Network Embedding
	A resilience trade-off for inter-layer connectivity in multiplex networks

	X Network Analysis and Measure
	A Proposal for the E-I Index for Non-disjoint Groups
	Disentangling Public Transit Ridership into a Spatiotemporal Geography
	Comparative analysis of legal citation networks with detailed node and link properties
	The Pólya filter: A parametric approach to backbone extraction in complex weighted networks
	Detecting core-periphery structures by surprise
	A faster horse on a safer trail: generalized inference for the efficient reconstruction of weighted networks
	Core–Periphery Structure in Directed Networks
	Friendship Concept and Community Network Structure among Elementary School and University Students
	PageRank extremes and local dependence for random graph
	A Knowledge-graph based Taxonomy Construction Method
	The variability of network structures inferred from time series data
	Interpretability of model parameters in inference problems
	Rank Dynamics in Egocentric Social Networks
	The complex networks approach for authorship attribution of Latin Texts
	A Network model of the Chemical Space provides similarity structure to the system of chemical elements
	An empirical study of the relation between the overlapping nodes and hubs in networks with modular structure

	XI Network Geometry
	Connectivity of 1-Dimensional Soft Random Geometric Graphs
	Geometric randomization of real networks with prescribed degree sequence
	Small worlds and clustering in spatial networks
	The distribution of shortest path lengths in configuration model networks and other random networks
	Angular separability of data clusters or network communities in geometrical space and its relevance to hyperbolic embedding

	XII Network Models
	Structure of the giant component and statistics of articulation points in configuration model networks
	Complex distributions emerging in compression and filtering
	Field theory for recurrent mobility
	Simulation of virtual networks as excitable media: a particular case of a small-world structure
	Analysis of scale-free networks with generalized thresholding functions within the framework of hidden variable formalism
	Constructing large hierarchical networks aiming at realistic, modular structures typical for many kinds of organizations
	A random model that relies on maximal bicliques to preserve the overlaps in bipartite networks
	Nonlinear interactions in noisy coevolving networks
	The role of driving signal in the evolution of social networks
	Long-range degree correlations of fractal clusters in random networks
	Reconstructing the history of growing trees
	Finding the optimal nets for self-folding Kirigami
	Distances in Node Duplication networks
	Are degree distributions in complex networks observable?
	Optimal change point estimator for network data

	XIII Network Neuroscience
	Slow and Anomalous Dynamics in Hierarchical Modular models of Brain Networks
	Recurrence Analysis of Dynamic Brain Networks: Characterisation of the Spatio-Temporal Dynamics of magnetoencephalographic recordings
	The role of modularity in the formation of macroscopic patterns on functional brain networks
	Functional Brain Network Topology Maps the Dysfunctional Substrate of Cognitive Processes in Schizophrenia
	Paradigm filtering as a tool for new analysis of complex brain networks
	Multilayer brain networks with time-evolving nodes and analyzing network motifs in them
	Dynamic functional connectivity through graph metrics for classification in motor imagery BCIs
	Interface to Functional Connectivity Analysis of EEG Signals using Complex Networks
	A multiplex approach to neuroimaging: applications to Alzheimer, Parkinson and aging

	XIV Networks in Finance and Economics
	Theory Of The Firm As An Emergent Phenomenon
	Automation and occupational mobility: A data-driven network model
	Bow-tie Structure and Community Identification of Global Supply Chain Network
	Network structure and user composition of ethereum and bitcoin
	Welfare effects of network structure – some results from a link formation model on monopolistic markets
	Shock propagation along the International Macronutrient Network
	Community structures based on multi-attributes in International Trade Network
	Similarity and systemic risk in the network of mutual fund holdings
	Network structure of traditional craft industry in Kyoto
	Economic complexity of prefectures in Japan
	Nonparametric correlation sign prediction from high-dimensional asset price correlation matrices
	Hodge decomposition of Bitcoin money flow among big players
	Shock Contagion in the World Economy – some results from a correlation study
	Measurement of Value of Firms Based on Their Stock Ownership Relations
	Fire sales as multistate contagion on bipartite networks
	A network approach to the analysis of bitcoin
	Who Possesses Whom from a Point of View of the Global Ownership Network
	Firms' Complexity: Technological Coherence, Performance, and Forecasting

	XV Political Networks
	Network Analysis of Brexit-Related votes in the 57th UK Parliament
	Signed parliamentary networks: how frustration affects the government formation in parliamentary democracies
	A complex network aproach on the analysis of the Chilean presidential elections, using Twitter Data
	Coalitions and Coordination in Washington Think Tanks: Board interlock among Washington D.C.-based policy research and planing organizations
	Reply networks on Twitter
	Polarisation and complexity in parliamentary debates
	Evolution of alliance and rivalry networks in international relations
	Dynamics of Commenters’ Networks across Time and Political Spectrum
	What is going on Brazil? A Political Tale from Tweets

	XVI Quantifying Success
	Quantifying predictability in Football through networkanalysis; A historical approach
	The Evolution of Digital Technologies: A Network Perspective on Machine Learning
	Gender diversity in collaboration networks and the online popularity of scientists
	The discriminative power of online social networks
	Relational Identities: a graph-theoretical approach with applications to online social media.

	XVII Resilience and Control
	Transporters: Spring-systems in disguise. A physics model for analysing transporter networks.
	Dimension of stability in complex ecological networks
	Optimizing Hospital Networks for Resource Allocation During a Large-Scale Disaster: A Sociotechnical Resilience Approach
	A Determinant Criterion for Stability Analysis of Complex Systems
	Multilayer networks meet databases: v/e-cubes as the building blocks of networks

	XVIII Social Networks
	Disasters and Polarization in Social Media
	Friendship Paradox and Hashtag Recommendation in Instagram
	The Network Structure of Freelance Journalism
	Does diversity kill OSNs?
	ScamCoins, S*** Posters, and the Search for the Next Bitcoin TM : Collective Sensemaking in Cryptocurrency Discussions
	Statistical models of social interaction
	Opinion Polarization during dichotomous Twitter conversations
	Bias in Social Interactions and Emergence of Extremism in Complex Social Networks
	Role of Facebook in Building a Learning Community: Case of Japanese Study Abroad Program
	Everything You Always Wanted to Know About AI - Nowcasting Digital Skills with Wikipedia

	XIX Synchronization, Resilience and Control
	Complete Networks: Discontinuous Dynamics, Information Invariants and Synchronization
	Strength optimization of materials with complex microstructure: Beam Network Model
	Predicting collapse of adaptive networked systems without knowing the network
	Significant improvement of network robustness by enhancing loops through rewiring
	Identifying a crucial role for robustness and spreading in complex network
	Network clustering-based design of controllable and observable dynamical systems with small relative degree
	No-exclaves percolation: Uncovering hidden impact of failures in complex systems
	K-selective percolation on complex network
	Coupling transport and supply-chain networks to evaluate the indirect impact of disasters—application to the United Republic of Tanzania
	Controllability of core-periphery networks under sparse feedback controllers
	Wire together, survive together: Structural stability and signal for collapse of interaction networks.
	The central role of peripheral nodes in directed network dynamics
	Effective Connectivity vs. Average Sensitivity: The Importance of Representing Polyadic Relationships in Models of Complex Networks

	XX Urban Networks
	Graph-based Inference from Non-Probability Road Sensor Data
	Stars of mitigation? Participation-based structure in a city-to-business network
	Networks of Hospitals, Patients and Organ Donations within the US
	Mapping the Ecologies of the Dutch Energy Transition Hyperlink Network
	Does Road Network Topology Affect Real EstatePricing? The Naples Case Study
	On the Metropolis Algorithm for Urban Street Networks - Towards a Principle of Least Surprisal for Cities
	Consensus Partitioning in a Water Distribution Network based on Substance Propagations


